We give information about some properties and spectrum of quasigroups with the following identity x(y · yx) = y.
Introduction
Definitions and elementary properties of quasigroups can be found in [1, 2, 12] .
V. D. Belousov [3, 4] by the study of orthogonality of quasigroup parastrophes proved that there exists exactly seven parastrophically non-equivalent identities which guarantee that a quasigroup is orthogonal to at least one its parastrophe:
x(x · xy) = y (C 3 law) (1) x(y · yx) = y of type T 2 [3] (2) x · xy = yx (Stein's 1st law) (3) xy · x = y · xy (Stein's 2nd law) (4) xy · yx = y (Stein's 3nd law) (5) xy · y = x · xy (Schroder's 1st law) (6) yx · xy = y (Schroder's 2nd law).
The names of identities (3)- (7) originate from Sade's paper [13] . We follow [5] in the calling of identity (1) . All these identities can be obtained in a unified way using criteria of orthogonality and quasigroup translations [9] . For example, identity (2) , that guarantee orthogonality of a quasigroup (Q, ·) and its (2 3)-parastrophe, can be obtained from the following translation equality L 2 y x = P y x. A quasigroup (Q, ·) with identity x · x = x is called idempotent. The set Q of natural numbers for which there exist quasigroups with a property T , for example, the property of idempotency, is called the spectrum of the property T in the class of quasigroups. Often it is used the following phrase: spectrum of quasigroups with a property T . Therefore we can say that spectra of quasigroups with identities (3)- (7) were studied in [6, 5, 11, 15] .
Medial T -quasigroups
The problem of the study of T 2 -quasigroups is posed in [3, 4] . In [16] the following proposition (Proposition 7) is proved. We formulate this proposition in slightly changed form.
for all x, y ∈ Q, where x + Ix = 0 for all x ∈ Q. Definition 2.2. A quasigroup (Q, ·) of the form x · y = ϕx + ψy + b, where (Q, +) is an abelian group, ϕ, ψ are automorphisms of the group (Q, +), b is a fixed element of the set Q is called T -quasigroup. If, additionally, ϕψ = ψϕ, then (Q, ·) is called medial quasigroup [10, 1, 12, 2] .
satisfies T 2 -identity if and only if ϕ = Iψ 3 , ψ 5 + ψ 4 + 1 = 0, where 1 is identity automorphism of the group (Q, +) and 0 is zero endomorphism of this group,
Proof. We rewrite T 2 -identity using the right part of the form (8) as follows:
or, taking into consideration that (Q, +) is an abelian group, ϕ, ψ are its automorphisms after simplification of equality (9) we have
If we put in the equality (10) x = y = 0, then we obtain
where 0 is the identity (neutral) element of the group (Q, +). Therefore we can rewrite equality (10) in the following form
If we put in the equality (12) y = 0, then we obtain that ϕx + ψ 3 x = 0. Therefore ϕ = Iψ 3 , where, as and above, x + Ix = 0 for all x ∈ Q.
Notice, in any abelian group (Q, +) the map I is an automorphism of this group. Really, I(x + y) = Iy + Ix = Ix + Iy.
Moreover, Iα = αI for any automorphism of the group (Q, +). Indeed, αx + Iαx = 0. From the other side αx + αIx = α(x + Ix) = α0 = 0. Comparing the left sides we have αx + Iαx = αx + αIx, Iαx = αIx, i.e., αI = Iα.
It is well known that I 2 = ε, i.e., −(−x) = x. Indeed, from equality x + Ix = 0 using commutativity we have Ix + x = 0. From the other side I(x + Ix) = 0, Ix + I 2 x = 0. Then
If we put in the equality (12) x = 0, then we obtain that ψϕy + ψ 2 ϕy = y.
If we substitute in the equality (13) expression Iψ 3 instead of ϕ, then we have Iψ 5 y + Iψ 4 y = y, ψ 5 y +ψ 4 y = Iy, ψ 5 y +ψ 4 y +y = 0. The last condition can be written in the form ψ 5 +ψ 4 +1 = 0, where 1 is identity automorphism of the group (Q, +) and 0 is zero endomorphism of this group.
Converse. If we take into consideration that ψ 2 b + ψb + b = 0, then from equality (10) we obtain equality (12) . If we substitute in equality (12) the following equality ϕ = Iψ 3 , then we obtain ψIψ 3 y+ψ 2 Iψ 3 y = y, ψ 4 Iy+ψ 5 Iy = y which is equivalent to the equality ψ 5 y+ψ
Proof. The proof follows from equality ϕ = Iψ 3 (see Theorem 2.3).
Corollary 2.5. A T-quasigroup (Q, ·) of the form
satisfies T 2 -identity if and only if ϕ = Iψ
Proof. It is easy to see.
T 2 -quasigroups from the rings of residues
We use rings of residues modulo n, say (R, +, ·, 1), and Theorem 2.3 to construct T 2 -quasigroups. Here (R, +) is cyclic group of order n, i.e., it is the group (Z n , +) with the generator element 1. It is clear that in many cases the element 1 is not a unique generator element, (R, ·) is a commutative semigroup [7] . Multiplication of an element b ∈ R on all elements of the group (R, +) induces an endomorphism of the group (R, +), i.e., b
induces an automorphism of the group (R, +) and it is called an invertible element of the ring (R, +, ·, 1).
Next theorem is a specification of Theorem 2.3 on medial T 2 -quasigroups defined using rings of residues modulo n. We denote by the symbol Z the set of integers, we denote by |n| module of the number n.
Proof. We can use Theorem 2.3. The fact that g.c.d.(|k|, r) = 1 guarantee that the multiplication on the number k induces an automorphism of the group (Z r , +). In this case the map −k 3 is also a permutation as a product of permutations. . In this case −(k 3 ) = −(−3) 3 = 27 = 6 (mod 7). It is clear that the elements 6 and 4 are invertible elements of the ring (Z 7 , +, ·, 1). Therefore quasigroup (Z 7 , * ) with the form x * y = 6 · x + 4 · y is T 2 -quasigroup of order 7.
Check. We have 6x + 4(6y + 4(6y + 4x)) = y, 70x + 24y + 96y = y, y = y, since 70 ≡ 0 (mod 7), 120 ≡ 1 (mod 7).
In order to construct T 2 -quasigroups over the ring (Z 7 , +, ·, 1) with non-zero element b we must solve congruence (−3)
. We have 7 · b ≡ 0 (mod 7). The last equation is true for any possible value of the element b. Therefore the following quasigroups are T 2 -quasigroups of order 7: x • y = 6 · x + 4 · y + i, for any i ∈ {1, 2, . . . , 5, 6}. In order to construct T 2 -quasigroups over the ring (Z 23 , +, ·, 1) with non-zero element b we must solve congruence (−3) Check. 27x + 4266y + 674028y + 3944312x = y, y = y, since 3944339 ≡ 0 (mod 161), 678294 ≡ 1 (mod 161).
In order to construct T 2 -quasigroups over the ring (Z 7 , +, ·, 1) with non-zero element b we must solve congruence 7 · b ≡ 0 (mod 161). It is clear that g.c.d.(7, 161) = 7. Therefore this congruence has 6 non-zero solutions, namely, b ∈ {23, 46, 69, 92, 115, 138} = D.
The following quasigroups are T 2 -quasigroups of order 161: x • y = 27 · x + 158 · y + i, for any i ∈ D. We can use presented numbers for construction of T 2 -quasigroups over the rings of residues. In order to construct T 2 -quasigroups it is possible to use direct products of T 2 -quasigroups. It is clear that direct product of T 2 -quasigroups is a T 2 -quasigroup.
It is possible to use and the following arguments. Class of T 2 quasigroups is defined using T 2 -identity and it forms a variety in signature with three binary operations, namely, with the operations ·, /, and \ [7] . It is known that any variety is closed relatively to the operator of the direct product [7] .
Examples of T 2 -quasigroups
Using Mace4 [8] It is easy to check that does not exist T 2 -quasigroups of order 2.
5 Spectra of idempotent T 2 -quasigroups 
, then there is a pairwise balanced block design with λ = 1, order v and block sizes k 1 , k 2 , . . . [18, 6] .
The following theorem establishes a connection between some quasigroups and block designs. See also [14] [Section 4], [11] . The problem of the estimation of the number v 0 from Theorem 5.4 is important. For comparison it is known that for Stein's quasigroups (quasigroups with identity (3)) v 0 ≤ 1042 [11] .
